A Fourier-Chebyshev Petrov-Galerkin spectral method is described for high accuracy computation of linearized dynamics for flow in a circular pipe. The code used here is based on solenoidal velocity variables and is written in FORTRAN. Systematic studies are presented of the dependence of eigenvalues and other quantities on the axial and azimuthal wave numbers; the Reynolds' number of up to 10 7 and the Weissenberg's number that is considered lower here. The flow will be considered stable if all the real parts of the eigenvalues obtained are negative and unstable if only one of these values is positive.
Introduction
The flows in the pipes are presented in several industrial applications such as heat exchangers, chemical reactors, gas turbine cooling and heating systems and combustion chambers and mixing systems.
The properties of a flowing fluid vary with the type of fluid. By adding, for example polymers or micro-metric particles that can interact with each other to a liquid under flow; its properties are greatly modified. It can react to hydrodynamic friction forces by changing equilibrium stator conformation through reorientation and deformation. A colloidal suspension can react to hydrodynamic forces by modifying the spatial distribution of the particles. It is these deformities and this reorganization which are at the origin of the non-Newtonian prop- The motivation for this study is largely related to the fact that viscoelastic fluids are the basis of many industrial applications, particularly in the polymer industry, the paper industry, the food industry, etc. and the stability of the flow can have consequences on the final product (quality of the product, quantity of production, etc.). Three classical incompressible shear flows have received attention in connection with phenomenon of instability. Plane poiseuille and plane-Couette channel flows are the most accessible to theoretical analysis and numerical computation. Pipe poiseuille or Hagen-poiseuille flows is so accessible to laboratory experiments. It was the context of flow in a pipe that Reynolds in 1883 identified the basic problem of this field: when and how do high-speed flows undergo transition from the laminar state to more complicated states as puffs, slugs, etc. The laminar flow of a fluid through a finite dimensional cylindrical conduit is mathematically stable, but in practice such a flow may become unstable if the Reynolds is high enough. It is generally accepted that one of the explanations for this phenomenon is that, although the laminar flow is stable for infinitesimal perturbations of the velocity, certain amplitudes of the perturbations are sufficient to generate a large number of Reynolds.
The present paper concerns the numerical simulation of pipe flow. We aim to focus on some of the principal mechanisms by which small perturbations in high speed flow may grow as they flow downstream. Our focus is on the elucidation of key mechanisms involved in the phenomenon of instabilities of the flow of a viscoelastic fluid. On the other hand experience shows that the flow of a viscoelastic fluid can become even with a low Reynolds number.
With these aims in mind, and with an acute awareness of the continuity advance of desktop and laptop computers, we have written a Petrov-Galerkin spectral code for pipe flow in FORTRAN. In principle we are thus engaged in direct numerical simulation (DNS) of the Navier-Stokes equations.
Meseguer & Trefethen [1] [7] and Zikanov [8] . In addition, various previous authors have simulated linearized pipe flow [9] [10] [11] [12] . Our methods could be summarized as a solenoidal scheme for the pipe of the sort proposed by Leonard and Wray [10] .
At our level the problem we are studying has an additive term ( divσ ). We try to show the influence of this term on the structure of this flow. To our knowledge, a theoretical study has not been done before for this type of fluid.
Equations Governing the Problem
We study the flow of a viscoelastic fluid along a cylinder of circular section of horizontal axis (Oz). Such a flow can be described by a cylindrical coordinates system ( )
The flow of a viscoelastic fluid can be described using three main equations:
the momentum conservation equation, the mass conservation Equation (or continuity equation), and the behavioral equation of the extra-constraint (Chupin 2003 [13] and Oldroyd [4] ). We consider the flow an incompressible viscoelastic fluid with dynamic viscosity η and density ρ driven by an extremal constant axial pressure gradient.
The equations of conservation of momentum, continuity, and constitutive form in dimensionless form are used by using the maximum speed 0 W in the established threshold regime, the radius R of the pipe and the quantity 2 0 W ρ as a speed scale, length and Pessure/stress respectively:
By introducing these dimensionless parameters into the equations governing the problem, we obtain the following dimensionless equations: We will omit the sign ~ voluntarily to lighten the scriptures.
We focus here on studying the flow of a viscoelastic fluid described by the Oldroyd-B model and subjected to disturbances.
This disturbed flow is considered as the superposition of a disturbance 
where
Is the tensor of deformation rates and
is the vorticity tensor. a is defined as a parameter which value is between −1 and +1.
Considering in addition that the elastic contribution of the extra stress σ ′ is a perturbation of the Newtonian one s σ ′ which is equal to
By u  , we define the none-dimensional velocity field of the fluid whose radial, azimuth and axial components are given in the order by the triple ( ) , , u v w , σ is an additional term called extra stress and ω is the parameter of delay defined by
The system is closed with the following boundary and initial conditions: 
Procedure and Numerical Bases
We consider that the variation of the perturbation of the fields of velocity, pressure and extra stress is periodic along the azimuthal and axial directions. These considerations make it possible to approximate u  in the following form. 
For long periods, this approximation can be written in the form: The basic functions will be chosen so that integrand is even, which will result in:
( ) ( )
The basic functions are also chosen so that the projection of the pressure term 
We define, 
2 nd case: 
Test functions 
Using the Fourier representation, the continuity equation becomes ( ) 
Numerical Implementation
Let ( ) ( )
Replacing u  by the basic funct:ions and projecting on the basis of the test functions, it comes:
The numerical method chosen is adapted from work in the early 1980 by Leonard & Wray [10] .
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The problem obtained is a problem with the generalized eigenvalues
( )
Av B v χ = that we will solve numerically with QZ algorithm used by J. P. Berlioz [17] . To implement this method, we will use Housholder's unitary reflection matrices and Givens rotation matrices (A. Quarteroni, R. Sacco and F. Saleri [18] ) and (L. Amodei and J.P. Dedieu [19] ).
Results and Discussions
We will treat this problem according to four cases that are: 
Case of an Axisymmetric Disturbance (n = 0; k0 ≠ 0)
The real parts of the eigenvalues remain negative for the Newtonian fluids, whereas for the same flow conditions, the real parts of the eigenvalues are not all negative for a viscoelastic fluid, which testifies to the appearance of instabilities in flow. It is also noted that beyond a certain value of the Reynolds number, instabilities appear in the flow itself for the Newtonian fluid, which is not the case for one-dimensional and homogeneous flows. Indeed, the term convection
 , responsible for the exchanges between the base flow and the disturbed flow, is a source of instabilities, a term which is also nil for the Newtonian one-dimensional and homogeneous flows. In addition, it is noted (Figure 3(b) ) that the greater the elasticity of the fluid, the greater the instability is important.
From this it can be deduced that elasticity is also a source of instability.
Case of Three-Dimensional Perturbation (n ≠ 0; l ≠ 0)
The graph clearly shows a spectrum of eigenvalues whose real parts are all negative for the Newtonian fluid. For the viscoelastic fluid, however, the real parts of 
Conclusion
The analysis of the different results shows that the linear flow of a Newtonian fluid is stable, whereas that of a viscoelastic fluid with a number of Weissenberg 
